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Self-introduction

• Graduated from ENSAE and ENS Cachan (MVA) in 2015

• PhD in Machine Learning at Telecom Paris Tech (2015-2018)

• Postdoc at University College London (2018-2020)

• Assistant Prof at ENSAE since 2020

• Active research in ML community, with a theoretical flavor. Attend &
publish regularly in NeurIPS & ICML.

• Main interests: sampling, optimal transport, kernel methods.
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Motivation for Sampling (1): Bayesian inference

Goal of Bayesian inference: learn the best distribution over a parameter x
to fit observed data.

(1) Let D = (wi , yi )
p
i=1 a dataset of i.i.d. examples with features w , label y .

(2) Assume an underlying model parametrized by x ∈ Rd , e.g.:

y = g(w , x) + ϵ, ϵ ∼ N (0, Id).

Step 1. Compute the Likelihood:

p(D|x)
(1)
∝

p∏
i=1

p(yi |x ,wi )
(2)
∝ exp(−1

2

p∑
i=1

∥yi − g(wi , x)∥2).
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Step 2. Choose a prior distribution (initial guess) on the parameter:

x ∼ p0, e.g. p0(x) ∝ exp(−∥x∥2

2
).

Step 3. Bayes’ rule yields the formula for the posterior distribution over the
parameter x :

p(x |D) =
p(D|x)p0(x)

Z
where Z =

∫
Rd

p(D|x)p0(x)dx

is called the normalization constant and is intractable.

Denoting π := p(·|D) the posterior on parameters x ∈ Rd , we have:

π(x) ∝ exp (−V (x)) , V (x) =
1

2

p∑
i=1

∥yi − g(wi , x)∥2 +
∥x∥2

2
.

i.e. π’s density is known ”up to a normalization constant”.
π is a probability distribution over parameters of a model.
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The posterior π is interesting for

• measuring uncertainty on prediction through the distribution of g(w , ·),
x ∼ π.

• prediction for a new input w :

ŷ =

∫
Rd

g(w , x)dπ(x)︸ ︷︷ ︸
”Bayesian model averaging”

i.e. predictions of models parametrized by x ∈ Rd are reweighted by π(x).
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Here, Sampling methods construct an approximation µM = 1
M

M∑
m=1

δxm of π.
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(Some, Non parametric) Sampling methods

(1) Markov Chain Monte Carlo (MCMC) methods: generate a Markov chain in
Rd whose law converges to π ∝ exp(−V )

Example: Langevin Monte Carlo (LMC) [Roberts and Tweedie (1996)]

xm+1 = xm − γ∇V (xm) +
√

2γηm, ηm ∼ N (0, Id).

Picture from https://chi-feng.github.io/mcmc-demo/app.html.
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(2) Interacting particle systems, whose empirical measure at stationarity
approximates π ∝ exp(−V )

Example: Stein Variational Gradient Descent (SVGD) [Liu and Wang (2016)]

x i
m+1 = x i

m − γ

N

N∑
j=1

∇V (x j
m)k(x

i
m, x

j
m)−∇2k(x

i
m, x

j
m), i = 1, . . . ,N,

where k : Rd × Rd → R+ is a kernel (e.g. k(x , y) = exp(−∥x − y∥2)).

Picture from https://chi-feng.github.io/mcmc-demo/app.html.
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Motivation for Sampling (2): Generative modeling

In this setting, we have a collection of samples (data) x1, . . . , xn ∼ π.

Goal of Generative Modeling: generate new samples that look like π.

LSUN bedroom samples vs MMD GAN [Li et al. (2017)].
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The Sampling literature

Two different settings:

• (1) the ”Bayesian inference” one, where π ∝ e−V

• (2) the ”Generative Modeling” one, where x1, . . . , xn ∼ π

For (1), you may have heard of: Importance Sampling, MCMC algorithms ...

For (2), you may have heard of: Generative Adversarial Networks, Normalizing
Flows, Diffusion Models...

There is no clear winner on the quality of approximation/computational
complexity. Also, these methods are nowadays sometimes used jointly.
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Assume that we have an algorithm that outputs a candidate probability
distribution µ, we want to know how close it is from π.

One way is to pick a distance or divergence between probability distributions.

Taxonomy of principal distances and divergences

Euclidean geometry

Information geometries

Euclidean distance
d2(p,q) =

√∑
i
(pi − qi)2 (Pythagoras’

theorem circa 500 BC)

Minkowski distance (Lk-norm)

dk(p,q) = k
√∑

i
|pi − qi|k

(H. Minkowski 1864-1909)

Manhattan distance
d1(p,q) =

∑
i
|pi − qi|

(city block-taxi cab) Mahalanobis metric (1936)

dΣ =
√

(p− q)TΣ−1(p− q)

Quadratic distance
dQ =

√
(p− q)TQ(p− q)

Riemannian metric tensor∫ √
gij

dxi
ds

dxj

ds
ds

(B. Riemann 1826-1866,)

Physics entropy JK−1

−k
∫
p log pdµ

(Boltzmann-Gibbs 1878)

Information entropy
H(p) = −

∫
p log pdµ

(C. Shannon 1948)

Fisher information (local entropy)

I(θ) = E[
(

∂
∂θ

ln p(X|θ)
)2
]

(R. A. Fisher 1890-1962)

Kullback-Leibler divergence
KL(p||q) =

∫
p log p

q
dµ = Ep[log

P
Q
]

(relative entropy, 1951)

Rényi divergence (1961)
Hα = 1

α(1−α)
log

∫
fαdµ

Rα(p|q) = 1
α(α−1)

ln
∫
pαq1−αdµ

(additive entropy)

Tsallis entropy (1998)
(Non-additive entropy)

Tα(p) =
1

1−α
(
∫
pαdµ− 1)

Tα(p||q) = 1
1−α

(1−
∫

pα

qα−1 dµ)

Bregman divergences (1967):
BF (θ1||θ2) = F (θ1)− F (θ2)− (θ1 − θ2)

⊤∇F (θ2)

Bregman-Csiszár divergence (1991)

Fα(x) =

{
x − log x − 1 α = 0
x log x − x + 1 α = 1

1
α(1−α)

(−xα + αx − α + 1) 0 < α < 1

Csiszár’ f -divergence
Df (p||q) =

∫
pf( q

p
)dµ

(Ali& Silvey 1966, Csiszár 1967)

Amari α-divergence (1985)

fα(x) =

{
x log x α = 1
− log x α = −1

4
1−α2

(1 − x
1+α
2 ) −1 < α < 1

Quantum entropy
S(ρ) = −kTr(ρ log ρ)
(Von Neumann 1927)

Kolmogorov
K(p||q) =

∫
|q − p|dµ

(Kolmogorov-Smirnoff max |p − q|)

Hellinger

H(p||q) =
√∫

(
√
p−√

q)2

=
√

2(1−
√
fg

Chernoff divergence (1952)
Cα(p||q) = − ln

∫
pαq1−αdµ

C(p, q) = maxα∈(0,1) Cα(p||q)

χ2 test

χ2(p||q) =
∫

(q−p)2

p
dµ

(K. Pearson, 1857-1936 )

Matsushita distance (1956)

Mα(p, q) =
α

√∫
|q 1

α − p
1
α |dµ

Bhattacharya distance (1967)

d(p, q) = − log

√∫ √
p
√
qdµ

Non-additive entropy

cross-entropy
conditional entropy
mutual information

(chain rules)

Additive entropy

Non-Euclidean geometries

Statistical geometry

Jeffrey divergence
(Jensen-Shannon)

H(p) = KL(p||u)

Earth mover distance
(EMD 1998)

×α(1 − α)

α = −1

α = 0

Generalized Pythagoras’ theorem
(Generalized projection)

I-projection

Quantum & matrix geometry

Log Det divergence
D(P||Q) =< P,Q−1 > − log detPQ−1 − dimP Von Neumann divergence

D(P||Q) = Tr(P(logP− logQ)−P+Q)

Itakura-Saito divergence
IS(p|q) =

∑
i
( pi
qi

− log pi
qi

− 1)

(Burg entropy)

⋂
Kullback-Leibler

∇∗

Hamming distance
(|{i : pi ̸= qi}|)

Neyman

Dual div. (Legendre) DF∗(∇F (θ1)||∇F (θ2)) = DF (θ2||θ1)

Generalized
f -means
duality...

Dual div.∗-conjugate (f∗(y) = yf(1/y))

Df∗(p||q) = Df (q||p)

Burbea-Rao or Jensen
(incl. Jensen-Shannon)

JF (p; q) =
f(p)+f(q)

2
− f

(
p+q
2

)

Integral probability metrics
IPMs

Wasserstein distances
Wα,ρ(p, q) = (infγ∈Γ(p,q) ρ(p, q)

αdγ(x, y))
1
α

ρ = L1

Lévy-Prokhorov distance
LPρ(p, q) = infϵ>0{p(A) ≤ q(Aϵ) + ϵ∀A ∈ B(X )}

Aϵ = {y ∈ X ,∃x ∈ A : ρ(x, y) < ϵ}

Finsler metric tensor
gij = 1

2
∂2 F2(x,y)

∂yi∂yj

Sharma-Mittal entropies

hα,β(p) =
1

1−β

((∫
pαdµ

) 1−β
1−α − 1

)
β = 1

β → α

Fisher-Rao distance:
ds2 = gijdθ

idθj = dθ⊤I(θ)dθ

ρFR(p, q) = minγ

∫ 1

0

√
γ̇(t)I(θ)γ̇(t)dt

Haussdorf set distance
dH (X, Y ) = max{supx ρ(x, Y ), supy ρ(X, y)}

Gromov-Haussdorf distance

Sinkhorn divergence (h-regularized OT)

(between compact metric spaces)
dGH(X,Y ) = infϕX :X→Z,ϕY :Y →Z{ρZH(ϕX(X), ϕY (Y ))}
ϕX , ϕY : isometric embeddings

MMD
Maximum Mean
Discrepancy

Stein discrepancies

©2023 Frank NielsenOptimal transport geometry

Logarithmic divergence
LG,α(θ1 : θ2) =

1
α log

(
1 + α∇G(θ2)

⊤(θ1 − θ2)
)
+G(θ2)−G(θ1)

α → 0, F = −G

Affine differential geometry

Riemannian geometry

Hyperbolic/spherical geometry

Bolyai
(1802-1860)

Lobachevsky
(1792-1856)

Aitchison distance
Probability simplex

Hilbert
log-ratio metric

Quantum f -divergences
(Dénes Petz)

Fröbenius & Hilbert-Schmidt norm

J. Jensen

F. Itakura

B. De Finetti

G. Monge

L. Kantorovich

M. Nagumo

Pearson

K
.
N
o
m

iz
u

L. LeCamVajda

M. Fréchet

J
.M

.
S
o
u
r
ia

u

J
.L

.
K

o
s
z
u
l

Symplectic
geometry

Cone
geometry

E
.
V
in

b
e
r
g

B
h
a
t
.

Conformal geometry
Conformal divergence

Dρ(p : q) = ρ(p)D(p : q)
conformal Riemannian metric

gphi = eϕg

Dually flat space

Constant
sectional
curvature

Hessian manifolds

H. Shima
∇

L
e
v

M
.
B
r
e
g
m

a
n

C. R. Rao

B. Riemann

Euclid
Pythagoras

From https://franknielsen.github.io/.
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Main families of divergences and distances

Let P(Rd) denote the space of probability distributions over Rd .

We will pick D a divergence, i.e. s.t. D(µ||π) ≥ 0 for any µ ∈ P(Rd),

D(µ||π) ⇔ µ = π; or a distance (i.e. satisfies triangle inequality).

Main families of divergences and distances are:

• f-divergences: ∫
f
(µ
π

)
dπ, f convex, f (1) = 0

defined for µ ≪ π (µ absolutely continuous w.r.t. π)

• integral probability metrics (IPM):

sup
f∈G

∣∣∣∣∫ fdµ−
∫

fdπ

∣∣∣∣
for G a class of functions ”rich enough”

• optimal transport (OT) distances (cf Marco Cuturi or Austin Stromme’s
courses)

13 / 27
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Sampling as Optimization

Actually, in many cases (e.g. it is underlying many algorithms), the sampling
problem (approximating π) can be viewed as optimization over P(Rd):

min
µ∈P(Rd )

D(µ|π)

where D is a divergence or distance, hence that is minimized for µ = π.

14 / 27
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The Kullback-Leibler divergence

D could be the (reverse) Kullback-Leibler (KL) divergence:

KL(µ|π) =
{ ∫

Rd log
(
µ
π
(x)

)
dµ(x) if µ ≪ π

+∞ otherwise.

We recognize a f -divergence
∫
f
(
µ
π

)
dπ where f (x) = x log(x). Taking

f (x) = − log(x) yields the (forward) KL i.e. KL(π|µ).

The (reverse) KL as an objective is convenient when the unnormalized density
of π is known since it does not depend on the normalization constant!

Indeed writing π(x) = e−V (x)/Z we have:

KL(µ|π) =
∫
Rd

log
( µ

e−V
(x)

)
dµ(x) + log(Z).

But, it is not convenient when µ or π are discrete, because the KL is +∞
unless supp(µ) ⊂ supp(π).

15 / 27
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Examples with parametric models

Consider the sampling optimization objective:

min
µ∈P(Rd )

D(µ|π)

But now (in this slide) assume we restrict the search space to a parametric
families {Pθ, θ ∈ Rp} (ex: Gaussian with diagonal covariance matrices can be
parametrized by θ = (m, σ) ∈ R2d). The problem rewrites as a
finite-dimensional optimization problem (i.e. over Rp):

min
θ∈Rp

D(µθ|π)

• Choosing D as the reverse KL, i.e. D(µθ|π) = KL(µθ|π) yields Variational
Inference [Blei et al. (2017)] which is useful for Bayesian Inference (π ∝ e−V )

• Choosing D as the forward KL, i.e. D(µθ|π) = KL(π|µθ) yields Maximum
Likelihood, which is useful for fitting a model (x1, . . . , xn ∼ π) since:

min
θ

KL(π|µθ) =

∫
log

(
π

µθ

)
dπ ⇔ min

θ
−
∫

log(µθ(x))dπ(x) ≈
1

n

n∑
i=1

log(µθ(xi ))

16 / 27
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The Maximum Mean Discrepancy

When we have π (or an approximation) as a discrete measure, it is
convenient to choose D as an IPM, i.e. integral probability metric (to
approximate integrals).

For instance, D could be the MMD (Maximum Mean Discrepancy):

MMD2(µ, π) = sup
f∈Hk ,∥f ∥Hk

≤1

∣∣∣∣∫ fdµ−
∫

fdπ

∣∣∣∣
= ∥mµ −mπ∥2Hk

, where mµ =

∫
k(x , ·)dµ(x)

=

∫∫
Rd

k(x , y)dµ(x)dµ(y)

+

∫∫
Rd

k(x , y)dπ(x)dπ(y)− 2

∫∫
Rd

k(x , y)dµ(x)dπ(y).

where k : Rd × Rd → R is a p.s.d. kernel (e.g. k(x , y) = e−∥x−y∥2 ) and Hk is the
RKHS associated to k:

Hk =

{
m∑
i=1

αik(·, xi ); m ∈ N; α1, . . . , αm ∈ R; x1, . . . , xm ∈ Rd

}
.

17 / 27
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Example: Take k(x , y) = e−
∥x−y∥2

σ , µ = 1
n

n∑
i=1

δx i , π = 1
m

m∑
j=1

δy j .

MMD2(µ, π) =
1

n2

n∑
i=1

n∑
j=1

k(x i , x j)

+
1

m2

m∑
i=1

m∑
j=1

k(y i , y j)− 2

nm

n∑
i=1

m∑
j=1

k(x i , y j).

Remark: scale carefully the bandwith σ. Or consider k(x , y) = −∥x − y∥,
which is not p.s.d. but does not have scale issue, and the corresponding MMD
is Energy Distance.
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Wasserstein-p distances

Let Pp(Rd) the space of probability measures on Rd with finite p moments, i.e.
Pp(Rd) = {µ ∈ P(Rd),

∫
∥x∥pdµ(x) < ∞}.

The Wasserstein-p distance from Optimal transport is defined as :

∀µ, ν ∈ Pp(Rd), W p
p (µ, ν) = inf

s∈Γ(µ,ν)

∫
Rd×Rd

∥x − y∥p ds(x , y),

where Γ(µ, ν) is the set of possible couplings between µ and ν (probabilities on
Rd × Rd with first and second marginal equal to µ and ν). Most popular ones
are:

• The W2 (in many ways analog to an ”euclidean distance” but on P2(Rd))

• The W1, which interestingly can be written as an IPM:

W1(µ, ν) = inf
f :Rd→R,f is 1-Lipschitz

∣∣∣∣∫ fdµ−
∫

fdν

∣∣∣∣
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0 x
0

0.2

0.4

0.6

0.8

1

1.2
µ = δ0

ν = δx

We have KL(µ|ν) = KL(ν|µ) = +∞, and W2(µ, ν) = |x |.

20 / 27



Introduction Reminders (Bayesian setting) References

Outline

Introduction
Motivation
How to evaluate sampling?

Reminders (Bayesian setting)
Importance Sampling
Metropolis-Hastings

21 / 27



Introduction Reminders (Bayesian setting) References

In this section we will recall some fundamental methods and principles from
Simulation and Monte Carlo (see Nicolas Chopin’s course).

We will consider the ”Bayesian inference” setting, where the target π has a
density that is known to be π ∝ e−V .

Recall that in this setting we are often interested in approximating:∫
f (x)dπ(x) for some f .

22 / 27
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Importance Sampling (IS)

Let q be a proposal distribution such that Supp(π) ⊂ Supp(q). Define for all
x ∈ Rd

w(x) =
π(x)

q(x)

Define the Self-Normalized Importance Sampling (SNIS) estimator of the
expectation of f as∫

fdπ ≈
N∑
i=1

w i
N f (Xi ), where w i

N =
w(Xi )∑n
j=1 w(Xj)

and X1, . . . ,XN ∼ q.

Remark: For IS to be effective, the proposal q must be close enough to π in
χ2-square distance (see Agapiou et al. (2017, Th1)), which makes IS also
notably affected by the curse of dimensionality (e.g., Agapiou et al. (2017, Sec
2.4.1)).

23 / 27
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• Designing a good proposal q is critical

• There is a huge literature on Adaptive Importance Sampling
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Recall that a Markov kernel Q(x , dy) is an application Rd → P(Rd).

Let Q(x , dy) a Markov kernel, such that Q(x , dy) = q(x , y)dy .

Metropolis-Hastings is a two-step iterative algorithm relying on the proposal
Markov kernel Q.

Let xm be the state at time m.

• Step 1: Sample a candidate y ∼ Q(xm, dy)

• Step 2: The next state is set according to the rule:

xm+1 =

{
y with probability acc(xm, y)

xm with probability 1− acc(xm, y)

where the acceptance probability is

acc(xm, y) = min

(
1,

q(y , xm)π(y)

q(xm, y)π(xm)

)
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Examples of Markov kernels

• Gaussian random walk
y ∼ N (x ,Σ)

• Langevin proposal (yields ”MALA” i.e. Metropolis Adjusted Langevin
Algorithm)

y ∼ N (x + γ∇ log π(x), 2γ Id)

Recall that if π ∝ e−V , i.e. π = π̃/Z where π̃ is known and Z unknown,

then ∇ log(π) = ∇(π̃/Z)
π̃/Z

= ∇ log π̃ = −∇V .
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