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Ordinary differential equation

Consider the ordinary differential equation (ODE)

dX:

@ F(X
dt (Xe 1)

which we also express as
de = f(Xt, t)dt

where X;, f(X¢, t) € R?. Then, (X:)r>o0 is a deterministic curve.
We can think of the ODE as the limit
Xegar = Xe + F(Xe, t)AL

under At — 0, where t = kAt.
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Solution for ODE

(Xt)t=o...T solves ODE if it satisfies the
e differential form of the ODE
® or the integral form of the ODE:

t
X: = Xo +/ f(Xs,s)ds
0

Example:
dX;
dt

=X, Xo=1=>X,=¢e"*
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Stochastic differential equation

Consider the stochastic differential equation (SDE)
dX: = f(Xe, t)dt + g(t)dW,

where X, f(X, t) € R?, g(t) € R?*?, and W, is a d-dimensional Brownian
motion or Wiener process.

X: is a random process. (We can allow g to also depend on X;, but this makes
the equations more complicated.)

We can think of the SDE as the limit
Xepnr = Xe + f(Xe, t)At + g(t) Zu vV At

under At — 0, where t = kAt and Zy, Z1,--- ~ N(0, /).
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Solution for SDE

(Xt)t=o,...7 is a solution path for SDE if (X;):o, .7 is nice’ with probability
distribution defined by

t t
Xe = Xo + / f(Xs,s)ds + / g(s)dWs
0 0

where the 1td stochastic integral is defined as

K—-1

t
/g(s)dWsz lim > g(kAt)VAtZ, 21,2,,---~N(0,1) are lID.
0 At—0 pry

!right-continuous with left limits (cadlag)
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Solution for SDE

For a given fixed path (X;)¢=o,...7, we cannot determine whether it was
generated as an instance of the SDE. (Given a fixed sequence 00110011, can
you determine whether it was generated as 8 independent Bernoulli random
variables?)

Rather, we can talk about whether a distribution of paths solve the SDE. A
"solution” of an SDE is a probability distribution of (X;)¢=o,...7 (the joint
distribution over all X; for t € [0, T]).

For diffusion probabilistic models, we will consider a weaker notion: the
marginal probability distributions (pt)¢=o,...7 such that X; ~ p; for all
telo, Tl

A first question of interest is: how does p; evolve as a function of time t?
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Fokker—Planck equation 1D

The time evolution of p; under the SDE
dXt = f(Xt, t)dt + g(t)th
is governed by the Fokker—Planck (FP) equation.

For d =1, the FP equation is

pe
Ocpr = —0x(fpe) + ?ai(Pt)

More precisely, this means

0upu(x) = ~0.(F(x, () + ELD02 ()

for all t > 0 and x € R. This is a partial differential equation (PDE).
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Derivation of FP equation
Let d = 1. Let {p:}]_, be a family of pdfs such that X; ~ p; for 0 < t < T. For any
» € C(R) (set of smooth compactly supported functions on R), we have

OBy 00 2 (Bxpr, [6(0] = Exo [ X))

1
R E xep,  [P(X +ef +E8Z) — p(X)]
€ Z~N(0,0)
1
2 LB e [0(X) + el (XIF(X, 1)+ VE! (X)a(t)Z
€ Z~N(0,1)
1
£ (08022 + O(?) - sO(X)]

~ B [/ (OX )+ 36 (082(0)

Therefore,

0 [ etpe(dax = [ /(e Opil)a + 5 [ o (g Opilx)ax

1
[ etromia = [ ot (<o) + 5020 ) o
using integration by parts.

2
= Opr = —Ox(fpr) + %83(/3:)
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Fokker—Planck equation (multi-dim)

The multi-dimensional Fokker—Planck equation is

Dupr(x) = Za (f(x, )pe(x)) + Zzafax (pt(x)zg,«k(t)mt))
i=1 j=1 7 k=1
0 1R G& &2 -
=- Z g 00N + 533 5050 (Pe(gr (g ()

1
= =V (fpe) + ETr(ggTvipt)

1
==V (o) + 5 Ta(g ' Vipeg)
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Example SDE: Ornstein—Uhlenbeck process

Example:
dXt = —/BXtdt —+ O'th

2
Xe | Xo ~ N (af’fxo, ‘2’—5(1 - e*zﬁf))

If Xo ~N(0,0%/28)
2
Xt NN <07 i)

pX) = e |- S 00|

_
Vma?/B
With direct calculations, we can verify that p; satisfies the FP equation.

2
0 = 0upe(x) = ~0i(fp0) + £-08(p0)

= dx(Bxp:(x)) + %35(Pt(x))

11/55



Reverse-Time SDE Training via score matching Discrete-Time Diffusion Models
000000000080 0000000 0O00000000000000000 000000000000 00000

Corruption via Ornstein—Uhlenbeck
The Ornstein—Uhlenbeck process
dXt = —6Xtdt + Uth

with 8 > 0 and o > 0 adds noise to a datapoint Xp. As T — oo, all
information is lost.

Since

2
Xe | Xo~ N (e“”xo, ;—5(1 - e—zﬂf)/> ,

we have Xt is approximately distributed as

o? .
N(O, ﬁl) if 3>0and T = co.

Question: Sampling X7 ~ N (0, %I) is easy. Can we reverse the SDE to
sample Xp?
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Forward-time ODE: To simulate
dX: = (X, t)dt
for 0 < t, set Xo = X(0) and compute
Xk+var = Xear + F(Xear, KAt)At

for sufficiently small At and set t = kAt.

Reverse-time ODE: To simulate
dX: = (X, t)dt
for0 <t < T,set K= |T/At| and Xx = X(T) and compute
Xk—1yat = Xear — f(Xuar, KAt)At

for sufficiently small At and set t = kAt.
Reversing time for ODEs is easy.
(Mapping from X(0) to X(T) is, after all, a one-to-one map.)
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Forward-time SDE: To simulate
dX; = (X, t)dt + g(t)dW,
for 0 < t, sample Xo ~ po and compute
Xksnyar = Xeae + F(Xear, KAL) AL + g(kAt) ZV/ At

for sufficiently small At and set t = kAt, where Z1, 25, -+ ~ N(0, ).

Reverse-time SDE: To simulate
dX: = f(Xe, t)dt + g(t)dW,
for 0 <t < T, set X|r/a:) = X7, and compute
Xix—1yae = Xeae — F(Xeae, kKAL) At — g(kAt)ZV/ At

This does not work!
Rewinding time in SDEs takes more care.
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Anderson’s reverse-time SDE theorem

Instead, given the forward-time SDE
dX: = f(Xe, t)dt + g(t)dW, Xo ~ po
the corresponding reverse-time SDE is
dX: = (f(?t, t) — g*(t)Vx log pt(z)) dt + g(t)dW., Xt~ pr

where W/, is the reverse-time Brownian motion and p; is the pdf of X; defined
by the forward-time SDE.

Alternatively (most common definition), setting X7_; = Y, we can define
{Yf};r:O via

dY, = — (f(Yt, T —t)+g*(T — t)Vylog pT_t(Yt)) dt+g(T—t)dWe, Yo~ pr

2]

(Note that dW; 2 —dW,.) Then X; 2 X;: = Y7_..

B. D. O. Anderson, Reverse-time diffusion equation models, Stochastic Processes and their Applications, 1982.
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Note that Anderson’s theorem is claiming
D —
[Xe =X forall0 <t < T],

which is a weaker statement than
T D v T
{Xt}tzo = {Xt}tzo

{(X3o 2 {Xe}oo

The latter
asserts that the two processes have equal (joint) distributions, while the former
X 2 X, forall 0< t < T]

asserts that the marginal distributions are equal for all t.
Diffusion probabilistic models are concerned with the marginal distributions.
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Sample generation via SDE

Let Xo ~ po, where pg corresponds to the data distribution (eg of images of
MNIST or ImageNet).

dX: = f dt + g dW,, Xo ~ po
Then the forward-time SDE produces Xt ~ pr.
If we can sample X1 ~ p7 and run the reverse-time SDE

dX: = (f — g°Vlog p:(X:))dt + g dW, X1~ pr

this would be a generative model producing images Xy ~ po.
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Sample generation via SDE

Consider the Ornstein—Uhlenbeck forward-time SDE

dXt 7/8Xtdt + O'de X() ~ Po

Remember that

2
Xe | Xo ~ N(e Pt X0,021), o2 = %6(1 — e %Y

If T is sufficiently large, pr ~ N(0,0%1).
Consider the reverse-time counterpart
dX: = (—BX: — 0°Vlog p:(X:))dt + odW:, X1 ~ N(0,071)

(It would be better to sample X1 ~ pr exactly, but we do not know pr
because we do not know pg = Pdata.)
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Sample generation via SDE

Set K = | T/At| and sample Xx ~ N(0,0%1). Using a standard discretization
(Euler—-Maruyama), we get:

Xk ~ N(0,0%71)
fork=K,K—1,...,2,1
Zi ~ N(0,1)

Yk,1 = Yk — At (—/Byk = 0’2V |Og PkAt(Yk)) + oV AtZ

end

The output Xj is approximately distributed as po.

Interestingly, there is randomness in the generation process.
This is not yet implementable since we do not have access to V log p;.
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Alternative process: Reverse-time ODE

last remark: we could have considered an alternative (deterministic) process
called the reverse-time ODE.

Let {p:}{_o be the marginal density functions of the forward-time SDE
dXtIfdt-ngWt, Xo ~ po
and reverse-time SDE

dXe = (f(?t, t) - g2(t)V |ogpt(yt)) dt +g(t)dW., Xt~ pr

Then, {p:}i— is also the marginal density function of the following
reverse-time ODE

% < g°(t) X X
dXt = f(Xt, t) - TV IOg pf(Xf) dt, XT ~ pT
This ODE defines a flow model, a one-to-one mapping between X7 and Xo.

we can follow a similar strategy for sampling with the deterministic process
(" probability flow ode™).
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Practical reverse-time SDE

Simulating the reverse-time SDE
dX;: = (f - g°v Iogpt) dt +gdW,, X1~ pr
requires (i) sampling from pr and (ii) evaluating of the score function V log p:.

Solution:
(i) Design forward-time SDE, i.e., choose f,g, T, so that pr ~ N(0, %) and
0% is known (ex: OU process).
(ii) Learn Vi log p(x) = sa(x,t) via a neural network ss(x, t).
We call sp(x, t) the score network.
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VE and VP forward SDEs

Two types of processes are primarily considered for the forward SDE.
First, variance-exploding (VE)
dX; = ocdW, v =1 o =to?
Xe | Xo ~ N (7:Xo, 0t1)
Although the mean is preserved, the variance explodes (if o+ explodes).

Relative to the noise, the original signal Xo is corrupted as t — co.
Second, variance-preserving (VP)

2
dX: = —BXedt+odW, y=e Pt ol = ;7/8(1—52/”), X: | Xo ~ N(7:X0,071)

In particular,
Var(X;) = I + e ?*(Var(Xo) — /)
and if Var(Xp) =/, then
Var(X:) =/
So variance is “preserved”.

In both cases,
Xe 2 4 Xo + 0w, e~ N(0,1)
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Score matching

To learn the score function, consider

£0)= [ MOBx [l ) = Vi log p X

where A(t) > 0 is a weighing factor. However, we cannot use this as is, since p;
is inaccessible.

Alternatively, use the equivalent losses:
1.

£() = /OT)\(t)IExO [Excix [[lso(Xe, £) = Vxlog pao(X: | X0)*|X6] | et + €

;
d
L£(0) :/ A(t)Ex, [Hse(Xt,t)HQ +2E, {%Jse(xmu hv, t)
0

[]ac
h=0

Y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole, Score-based generative modeling
through stochastic differential equations, ICLR 2021.

where C are constants independent of 6.

24 /55



Reverse-Time SDE Training via score matching Discrete-Time Diffusion Models
000000000000 0000000 0O000@0000000000000 000000000000 00000

proof (1) £(6) = [T AOExy [Exy g [l1s0 (X, 1) = Vx, log pejo(Xe|X0) 1% |Xo] | ot + €

The replacement of Vx, log p:(X:) with Vx, log p;|o(X¢|Xo) requires justification.

th Pt(Xt)
pe(Xe)
! v
pe(Xe)

:/]Rd (Ve Pejo(Xe]| Xo))

Vx, log pt(X:) =

[, pro(X:lXmn(x0) o
R

Po(Xo)

pt(Xt)

Pt\O(Xt|XO)PO(X0)
Pt(Xz)

= [, (Vxc10g P X0)) poie (Xl X0) Xy
R

= Exyx, [V 10g prjo(Xe|Xo) | X:]

dXo

- /d (Vx, log pejo(X: X)) dXo
R

P. Vincent, A connection between score hing and denoisii ders, Neural Computation, 2011.
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pl’OOf (1) £(0) = f7 AM(1)Ex, []Ext\xo {I\Se(Xr» t) — Vx, log Pr\o(Xr\Xo)H2|XoH dt+C

The replacement of Vi, log p:(X:) with Vi, log p;|o(Xt|Xo) requires justification.

.
a(a):/ A(D)Ex, [llso(Xe, £) — Vx, log pe(X,)|?] dit
= [ 2®Ex, [Is00%, O — 20, Vx,log )] ot + €

= [T M®Bx [lIsol = 2(s0, Bxqpx [V log el a + €

*/ t)Ex,,x, [||Se — V log poll ] dt + C

Called denoising score matching (DSM).

P. Vincent, A connection between score matching and denoising autoencoders, Neural Computation, 2011.
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proof (1) £0) = JT MOExg [Exqix [lIs0(X ) = Tx, 08 polXel) I

xo|] ot

Conditional score function Vx, log p;o(X:|Xo) is implementable if f and g

are nice.

Ornstein—Uhlenbeck process is one such example.

dXt = —ﬂXtdt + O'th
2
peo(Xe Xo) ~ N(e P X0, 021),  o? = ;—5(1 — e

1 _
Vx; log prjo(Xe Xo) = —5 (Xe — e 7 Xo)
t

283 _Bt
= 702(1 — o) (Xe — 77" X0)
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Hutchinson's trace estimator

Let v € R" be a random vector such that
1 ifi=j
E.[vivj] = 65 = I I J
0 ifi#j
ie, B furT]=1€R™".
One example is v1,...,v, ~ N(0,1) IID Gaussian.

Another example is v1, ..., v, drawn as [ID Rademacher (£1 realization with
probability 1/2) random variables.

M. F. Hutchinson, A stochastic estimator of the trace of the influence matrix for Laplacian smoothing splines,
Communications in Statistics - Simulation and Computation, 1990.
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Hutchinson's trace estimator

Let A€ R™". Then
E,[v"Av] = E,[Tr(v " Av)]
=E,[Tr(Avv )]
= Tr(E,[Avv])
= Tr(AE,[vv "))
= Tr(Al)
= Tr(A)

So v Av serves as an unbiased estimator of Tr(A).

M. F. Hutchinson, A stochastic estimator of the trace of the influence matrix for Laplacian smoothing splines,

Communications in Statistics - Simulation and Computation, 1990.
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proof (2) £(8) = fo A®Ex, [llso(Xe, O + 28, [ G0 T sp(Xe + b, t)|h70H dt+ C

~ Bx, {s0(Xe, ), T, log pe(X)] = — [ <56(X7 ), Vp”fjﬂ pe(x)dx

—/<se(x, t), Vape(x)) dx

(5 s 1) )

=Ex,~pe [Vx, - 50(Xt, 1)]
= Ex, [Tr(Dx,so(Xt, t))]

= ExE, [VTDXTSQ(XL», t)y]

d
=Ex,E, [%VTSQ(Xt + hv, t)

.

where we use integration by parts and the Hutchinson estimator.
Called sliced score matching (SSM).
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Training with O-U and DSM

Using X: 2 v:Xo + ote, the score function simplifies to

Xo — X, €
Vx, log pe(X: | Xo) = 02 22

Oy Ot

Define the scaled score network

8(9()(1‘7 t) = —O'tS@(Xt, t)

Then the denoising score matching loss becomes

£(0) = /OT)\(t)IEXO [Exdxo [HSQ(Xt, t) — Vx, log pejo(Xe | Xo)||2H dt

)
At

= [ 2 e [Benion [Jeotro + e, ) — <] o
o Ot

At
=TE Xo~po [ (2) ||50(’YtXO + o€, t) - ‘9”2]
t~Uniform([0, T]) Ot
e~N(0,/)

Interpretation: £¢(X;, t) predicts noise € from noised data X; L YeXo + o€.
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Training with O-U and DSM

Using the Ornstein—Uhlenbeck forward SDE and the denoising score matching
loss (DSM), we get the training algorithm:

while (not converged)
Xo ~ po = Pdata
t ~ Uniform([0, T])
e ~N(0,/)
Xe = 1t Xo + 0

Call optimizer with /\(2t) Vo |leo (X, t) — e]|?
O

end
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Blow-up at t =0

For both VP and VE SDEs, oo = 0 and the loss blows up. Several ways to deal
with this.

Option 1: Start the integral from a small § > 0

o) — T A(¢) E X 2
(0) = 2 Xo~po |€0(7eXo — ore, t) — €| dt
S t e~N(0,1)

Option 2: Choose A(t) — 0 as t — 0 so that A\(t)/o? does not blow up. This
makes the mean well-behaved, but the variance of the stochastic gradients may
still blow up as t — 0.
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Training with SSM

Using the sliced score matching loss (SSM)

;
d
L(e):/ A(t)Ex, [||59(Xt,t)||2+2IE,, v so(Xe+ hot)
0

K

We get the training routine:

while (not converged)
t ~ Uniform([0, T])

Xt ~ pr # forward-simulate SDE from Xo ~ pdata
vV~ p, # Epp, [vv | =1

Backprop on h with 41" sy(X; + hv, t)|h:0

Call optimizer with A(t)Va (||sa(Xt, I° +2 2 v so(Xe + hu, t)|h:0)
end
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DSM vs SSM

® SSM is more broadly applicable than DSM.

® SSM requires efficient sampling of X; given Xp.
® DSM additionally requires evaluation of conditional density p;o(X: | Xo).
(More precisely, the conditional score V.. log pyo(X: | Xo) is required.)

® SSM allows a broader range of forward-diffusions to be used. Useful in, say,
DSB.!

® When applicable, DSM performs better than SSM.

® SSM requires mixed (2nd-order) derivatives, while DSM requires 1st-order
derivatives.
(Most modern DL libraries are capable of efficiently computing higher-order
derivatives.)

V. De Bortoli, J. Thornton, J. Heng, and A. Doucet, Diffusion Schrédinger bridge with
applications to score-based generative modeling, NeurlPS, 2021.
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SDE Sampling with trained score

Once sy has been trained, we can generate new samples with the approximate
reverse-time SDE

dX: = (f(Xe,t) = g2(8)s0(Xs, 1)) ot + g()dWe, X1 ~ N(0, 071)
Usually, one uses the reverse-time Ornstein—Uhlenbeck process

dX: = (—5% — o?sp(Xe, t)) dt + odWe, X7~ N(0,021)

2
(%EG(K, t) — BK) dt + od W,
t
Using a standard discretization (Euler—Maruyama), we get
Xk ~ N(0,071)
fork=K,K—-1,...,2,1

2
Yk_l = Yk — At (%69(?;(, kAt) = Byk) + oV AtZk, Zk NN(O, I)
t

end

The output Xj is approximately distributed as po.
Called DDPM sampling for reasons to be explained later.
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Samples via SDE

Y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole, Score-based
generative modeling through stochastic differential equations, ICLR, 2021.
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ODE Sampling with trained score
Once sy has been trained, we can also use approximate reverse-time ODE

vz B0 % - :
dX; = (f(Xt,t)—Tse;(Xht)) dt, X1 ~N(0,071)
Usually, one uses the reverse-time ODE of Ornstein—Uhlenbeck process
2
dX. = (-5% - %se(x, t)> dt, X1~ N(0,071)
o2
(27{69( t) — BX: )

Using an Euler discretization we get

YK N./\/’(O,O'%—/)
fork=K,K—-1,...,2,1

2
Yk_l = yk — At (LEQ(Y/(, kAt) = ﬁyk)
20't
end

The output Xj is approximately distributed as py.
This is called DDIM sampling for reasons to be explained later.
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SDE vs ODE sampling

SDE sampling produces higher fidelity (based on visual inspection) images.
Why?

Theoretically, not understood well. Intuitively, noise steps of SDE sampling
correct for any errors from inaccurate terminal distribution pr, inaccurate score
function, and discretization.

However, ODE sampling is useful for applications such as image interpolation,
which can be used for image editing (more on this later), and for likelihood
computation (based on the observation that the ODE sampling defines a flow
model).
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Discrete- to continuous-time diffusion

Publication dates:

® DDPM (NeurlPS 20)

® DDIM (ICLR 21)

® SDE Diffusion (ICLR 21)

After the dust settled, people now understand that
® DDPM is a discretization of SDE sampling of VP SDE.

® DDIM is a discretization of ODE sampling of VP SDE. (One specific
instance of DDIM.)
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Tweedie’s formula: 1st order
Consider the random variable

Y=X+0Z, X~px, Z~N(OI
(We don't assume px is Gaussian.) Then,
E[X | Y] =Y +0°Vylog py(Y)
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Tweedie’s formula: 1st order
Consider the random variable
Y=X+0Z, X~px, Z~N(0I)
(We don't assume px is Gaussian.) Then,
E[X | Y] =Y + ¢°Vy log py(Y)
Proof: Y has a density given by:
pr(dy) = [ px(x) prly — x) e

2 .
where p,(z) o< exp (7%) is a centered Gaussian with variance o°. It follows

EX|Y=yl-y _ J () Px(x)po(y — x) dx

- T ex()pe(y — x) dx :vylog{/px(x)p”(y_x)dx}'
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Tweedie’s formula: 1st order
Consider the random variable

Y=X+0Z, X~px, Z~N(0I)
(We don't assume px is Gaussian.) Then,
E[X | Y] =Y + ¢°Vy log py(Y)
Proof: Y has a density given by:

py(dy) = /'px<x>pn<y—x> dx

2
where p,(z) o< exp (7 H;{,‘z > is a centered Gaussian with variance o°. It follows

EX|Y=yl-y _J () px(x)psly —x)dx _ v, |og{/px(x)p{,(y—x) dx}_

o J px(x)po(y — x) dx

If
Y=9X+0Z, X~px, Z~N(I)
with v # 0, then
1 1
E[X | Y] = EpX| Y] = (Y +0?Vy |0gpy(Y))
B. Efron, Tweedie's formula and selection bias, Journal of the American Statistical Association, 2012. 41/55
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Tweedie’s formula: 2nd order

Consider the random variable
Y=X+0Z X~px, Z~N(OI
(We don't assume px is Gaussian.) Then,

Var[X | Y] = ¢l + ¢*V7 log py(Y)

Discrete-Time Diffusion Models
000@0000000000000
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Tweedie’s formula: 2nd order

Consider the random variable
Y=X+0Z X~px, Z~N(OI
(We don't assume px is Gaussian.) Then,

Var[X | Y] = ¢l + ¢*V7 log py(Y)

Y=vX+0Z, X~px, Z~N(I)
with v # 0, then

2
g

22
Var[X | Y] = Z (/ + 0V log py Y))
B. Efron, Tweedie's formula and selection bias, Journal of the American Statistical Association, 2012.
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Reverse cond. distribution ~ Gaussian

Consider the random variable
Y=X+0Z, X~px, Z~N(,I)
By definition, py|x = N (X, %) is Gaussian. (We don’t assume px is

Gaussian.) In general, px|y is not a Gaussian, but px|y is approximately
Gaussian in the limit of ¢ — 0.

pxiy(x | y) =N (y + 0’V log py (), 02/)

Y=9X+0Z, X~px, Z~N(0I)
with v # 0, then, in the limit of 0 — 0,

1 2
pxiy(x |y) = N (;(y + 0’V log py(y)), %/)
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Reverse cond. distribution ~ Gaussian

pxy(x | y) =
py(y)
oz o (52 lly = xI?) px(x)

(270

et G hare o@ (= 52z ly = xI) px(x) o

- exp <_T;|‘y - x\|2> (px(.V) +(Vpx(y),x — y) + O(||x — Y||2))

(270)/2
- m exp (—T;Hy - x\|2> (Beenvty.on [px(0) + (Tpx(v) x = y) + O(Ix = y|)]
~ g7 @0 (~ 35y =51 (o) + (Tx(r).x =) + O(lx = yI1)
= W exp <72%2”y - XH2> (px(y) + <vppxx((yy)),+x0—+y(>);20)(ux - y|\2))
N W &P (7ﬁ”y - XHQ) (1+(Vlogpx(y),x — y) + h.o.t)
- W exp (*Tizl\y - X\|2> exp ((V log px(v), x — y)) + h.o.t.
1

1 ) .
B W exp <_T'2HX —y—0o"Viegpx(y)|l© + h.o.t.>

~N (}’ﬁL0'2V|ogpy(y)7 0-2[)
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DDPM

Forward model: Xy ~ po = pdata

xt|xt,1~/\/(\/1—5txt,1,,3t/) for t=1,...,T (0<pB <1)
So,

Xe 2 /1= BiXer +\/BeZe, Ze~N(O,1), for t=1,...,T

and, after some calculations, this implies

Xi | Xo~ N (VaXo, 1=ad)l), & =][]a-38)
s=1

P (X—1[31)
@H () @H H

Q’(Xt\xt 1)

J. Ho, A. Jain, and P. Abbeel, Denoising diffusion probabilistic models, NeurlPS, 2020.
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DDPM (Denoising Diffusion Probabilistic Models)

Reverse model:

True probabilitiy:  p(Xe—1 | X¢) = N (u(Xe, t), Bel)(for small 3;)
Learned: po(Xe—1 | Xe) = N (po(Xe, t), Bel)

where: i
p(Xe, t) = Jioh (Xe + BtV log pe(X¢))
1o (Xe, 8) = ———— (X; + Beso(Xe, 1))

\/17/81‘

~ Bt or
Bt {1 Qp_1
1—a; 5t

Note, for small [3; 1I&£:15t = Bt + h.o.t.

Po(Xe-1[xt)
@H —0. g H

q(x - 1)

J. Ho, A. Jain, and P. Abbeel, Denoising diffusion probabilistic models, NeurlPS, 2020.
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DDPM loss

.
£(0) = 37 MEx, [ll1(Xe, ) = o (Xe, DI

t=1
T
e 32
=3 B (19 tom e (X0) = 5006 1]
T B2 2
=> - BtEXO,Xt [Hvxt log pejo(Xe | Xo) — s0(Xe, t)]] ] +C
t=1

T

=3 2 g e - vEX) - 50 )

= 1-4 Xo, Xt 1—a t QtAQ So(At,
t=1 t t

2

] e

U A 2

= — TPt By . —eg(vVarXo + V1 — aze, t C
; (1 _60(1_0_“) ;(EA/f)(‘gff) I:”E 8@( atXo + ate )“ ] +
-

= Z S\t]EXONPdata [Ha —eo(VarXo + V1 — aze, t)H2] + C
t=1 e~N(0,)

~ A\ 32
thv(itXO-f—\/l—dt&t, Et ’\'./\[(O,I)7 z’;‘gé—\/l—ath, At:W(ﬂ]fa)
- Mt - Gt
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DDPM training

The training of DDPM is hence analogous to the continuous-time (SDE) setup
we have already seen.

while(not converged)
Xo ~ pPo = Pdata
t ~ Uniform({1,..., T})
e ~N(0,/)
Xe = VauXo + V1 —are
Call optimizer with X\;V [|lea(Xe, t) — ||

end
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DDPM sampling
The true distribution of Xt is

-
Xt | Xo ~ N (VarXo, (1 — ar)l) H (1— )
If T and B, ..., Bt are chosen such that ar = 0, then pr =~ N(0, /).
Sampling from the learned distribution can be done as follows:
- 1
po(Xeo1 | Xe) = N(po(Xe, 1), Bil)  po(Xe, t) = Jioh (Xe + Beso(Xe, t))

X7 ~N(0,1)
fort=T,T—1,...,2,1

Xoi— -+ (x,__ P % 5 ~
Xt—l = m (Xt m&g(Xt,t)> —|—,3,_~Zt, Zt ./\/’(07 I)

Idea: Sample X; via the approximation of p(X; | X;—1). It is an approximation
because p(X: | Xi—1) is not exactly Gaussian and because the scaled score
network € is not exact. 40/55
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Reinterpreting DDPM sampling

Consider the case
1—ae

Toa v

We can equivalently express DDPM sampllng as:

Bt:

X1 ~N(0,1)
fort=T,T—-1,...,2,1
Xo = i_yt — g eo(Xs, t)
\/Oét V Ot
_ /& 1= B.(1 = 1 -
X, 1= ,BtX + /Bt Qi 1 X + — Qi lﬂtzt
end
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Reinterpreting DDPM sampling

Since X¢ | Xo ~ N (\/o'tio, 1- &t)l), Tweedie's formula tells us

1
]E[XO | Xt] @Xt + \/Et

L, 1-

~ S \/07:

_ Ly VI
Vae Ve

vXt |Og PXx: (Xf)

59 (Xt, t)

e’:‘g(Xt, )

Also, using

P(xe | xt—1,%0) p(Xe—1 [ x0) _ p(xe | xt-1) p(xt—1 |X0)
p(xt | xo) p(xt | x0)

Plxe1 | xs%0) =

we can compute

5 1— 61— an 1- G
p(Xet | Xe, Xo) = A [ YEPeyo  VIZ B ZGea)y 1= Gia g
1—061: 1—Oét l—at
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Reinterpreting DDPM sampling

Using these identities, we can reinterpret DDPM sampling as

X1 ~N(0,1)
fort=T,T-1,...,2,1
)/%0: 1_ Yt— 1—_C¥t
't 't
end

At each step, (i) estimate Xp and (i) sample X:—1 conditioned on X; and

Xo = Xo.
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DDPM = discretization of VP SDE

DDPM forward process in the limit 8; — 0

Xt+1=\/1—ﬁtxt+\/azt%< —%)Xt‘F\/EZt

Consider the general VP forward-time SDE

dXt - —@Xtdt + vV B(t)th

With At =1, the Euler—Maruyama discretization is

Xep1 = (1 - @) X: +/B(t)Z:

and the two agree.
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DDPM = discretization of VP SDE

DDPM sampling when 3; — 0 (and slowly varying)

— _ 1 - ﬂt —
X1 = 7@ (Xt 7\/1_70_“56()(15, t)> + o2
~ <1+6t)Xt+ Be e(ynt)“rUtZt

\/1 —exp (— [, B(s) ds)
Here, we identify 3(t) = B: and argue that

H(l — Bs) &~ Hexp( Bs) = exp < Z,Bs) ~ exp ( / B(s) ds>

s=0
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DDPM = discretization of VP SDE

Reverse-time VP SDE
dX: = (mt) o(Xe, t) — ( )% )dum/ﬁ(t Yd W,

With At = —1, the Euler—Maruyama discretization is

Xt = Xo— A(t) X+ 20% ) - Bz
\/1 —exp (— [, B(s) ds)

and the two agree.
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