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Outline

» General problem — minimization of the MMD

» Wasserstein gradient flow of the MMD

» A Criterion for global convergence

» A noise-injection algorithm for better convergence
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General problem
Finite dimensional non-convex optimization (regression
setting):

» Optimization using
gradient descent GD:
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» Hard to describe the
dynamics of GD!
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General problem

» Global convergence of Gradient descent! when N — oo
and ¢z(x) of the form:

¢z(X) = wgo(x),  Z=(w,0)

(x,y) ~ data

13 .
in E . 2 min E —-E,. 011
Zmlg,\, daral 1Y NZC’&ZJ(/V)” 1 ? pr datal 1Y = Bz, [¢z01117]

Lo i=1




General problem

» Global convergence of Gradient descent! when N — oo
and ¢z(x) of the form:

¢z(x) = wgp(x),  Z=(w,0)
» Interested in more general form for ¢z(x).

(x,y) ~ data
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General problem

(x,y) ~ data
y |)C = [EUNV*[¢U(X)]

minE, [y — E,. [¢,(x)]]*]
VESRP



General problem

(x,y) ~ data
ylx=Ey.:¢yx]

min E g 0|1 E gl (0] = E [0



General problem
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General problem

(x,v) ~ data
vi|x=Ey. [dyx)]

Maximum Mean Discrepancy

MMD?*(v*,v)

min Ey ~ o+ [k(U, UN] + Ez ~ ,[K(Z,Z")] — 2Ey ~ +[k(U, Z)]
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General problem

(x,v) ~ data
ylx= Ey- @]

min MMD?*(v*, v)
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Gradient descent
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Gradient descent
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Gradient descent
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Wasserstein gradient descent
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Wasserstein gradient descent
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Wasserstein gradient descent
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Wasserstein gradient descent
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Wasserstein gradient flow

» Continuous time equation: Mc-Kean Vlasov dynamics
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Wasserstein gradient flow

» Continuous time equation: Mc-Kean Vlasov dynamics
dz;
G —Vz it (Z), Zy ~ vy
» Equivalent to a PDE in v;:
Ot = dI'V(VtVfl,*J/I)
> Interpretation as a gradient flow in probability space 2:
1
oy = —V, L)  L(v):= E/\/IMDZ(V*, V)

can be obtained as the limit when = — 0 of:
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A criterion for convergence

» Define the Negative Sobolev distance:

S(v*|vt) = sup |Ez~ 1 [9(2)] — Eu~n-[9(V)]]|
9.E2,[IV9(2)|2)<1
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» Define the Negative Sobolev distance:
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A criterion for convergence

» Define the Negative Sobolev distance:

S(v*|vt) = sup |Ez~ 1 [9(2)] — Eu~n-[9(V)]]|
9.Ez-.,[IVa(2) 1<

» Assume that S(v*|vt) < C for all t, then for v small enough

1

2/ * <
MMD™(v"v) < Uipar ooy + 87 Gt

» Depends on the whole sequence v;: Hard to verify in
general, can only be checked for simple examples

> We've seen failure cases in practice.
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Noise Injection

» |dea: Evaluate Vi, ,, outside of the support of v to get a
better signal!

» Sample u; ~ N(0,1) and 3; is the noise level:

Zi1 =Zt = Vh(Zi+ Brwr); Zi~

» Similar to continuation methods® or randomized
smoothing®* , but extended to interacting particles.

» Different from adding noise outside
Ziy =2t — Vi (Z4) + Bru

which corresponds to an entropic regularization of the
original loss °.
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Noise Injection: Student-Teacher network
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Noise Injection: Student-Teacher network
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Noise Injection: Experiments

Methods:
» SGD
» SGD + Noise injection
» SGD + diffusion

» KSD ©: SGD using the Negative Sobolev distance
v — S(v*|v) as a loss function: also minimizes the MMD.




Noise Injection: Experiments

Test error per epoch

SGD

SGD + noise
SGD + diffusion
KSD flow
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Noise Injection: Experiments

Sensitivity to noise (Test error)

SGD

SGD + noise
SGD + diffusion
KSD flow

1074 1072 100 102
noise level B



Conclusion

Contributions:
» Provided a convergence criterion for the Wasserstein
gradient descent.

» Proposed an extension to the noise injection algorithm for
interacting particles and showed it effectiveness on simple
examples.

Future work:

» A criterion for convergence that is independent from the
whole optimization trajectory.

» Stronger guarantees for the convergence of the noise
injection algorithm.

Thank you!
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Noise Injection: Theory

Tradeoff for g;
» Large f;: ugr1 Not a descent direction anymore:
MMD?(v*, ji11) > MMD?(v*, jur)
» Small 5;: Back to the failure mode: V#(X; + Siut) ~
Need f; such that:

MMD?(v*, pg1) — MMD?(v*, j1t) < CHE X [IVA(Xe + B:Up)|1%]
Ui~

and:
-
Z B2 — oo
t=1

Then
MMD?(v*, vr) < MMD?(v*, vp)e~C7 Sl 5



