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Motivation



Setting

• Let   be a probability measure on  . 

• Let   be a model class of functions on  . 

• Consider the problem 

       with        .

ρ 𝒳

ℳ 𝒳

u⋆ = arg min
v∈ℳ

ℒ(v) ℒ(v) := ∫ ℓ(v; x) dρ(x)
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Generalisation

• If   is replaced by a MC estimate   with sample size  , 

  

• This ensues a generalisation error. 

• Bounding this error requires strong assumptions.

ℒ ℒn n

u⋆
n := arg min

v∈ℳ
ℒn(v)
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Generalisation error bounds

• Suppose that   is compact. 

• Suppose   is bounded and   is Lipschitz on   for all  . 

• Then 

  .

ℳ

ℓ ℓ( ∙ ; x) ℳ x ∈ 𝒳

ℒ(u⋆
n ) ≤ ℒ(u⋆) + 𝒪(n−1/2)
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slow convergence

We want to use a minimal amount of  samples!



Generalisation error bounds

• Suppose that   is compact. 

• Suppose   is bounded and   is Lipschitz on   for all  . 

• Then 

  .

ℳ

ℓ ℓ( ∙ ; x) ℳ x ∈ 𝒳

ℒ(u⋆
n ) ≤ ℒ(u⋆) + 𝒪(n−1/2)

 9

strong requirements

slow convergence

We want to use a minimal amount of  samples!

Compactness may require regularisation   changes the minimum→



Idea

• Optimise the true loss   on the manifold of functions  . 

• No generalisation error!

ℒ ℳ
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Idea

• Optimise the true loss   on the manifold of functions  .ℒ ℳ
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How?



• Optimise the true loss   on the manifold of functions  . 

• Perform a Riemannian type optimisation. 

• Replace the optimal projection of   onto the tangent space with a 
quasi-optimal least squares projection.

ℒ ℳ

∇ℒ(v)

Idea
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𝒯utℳ

∇ℒ(ut)
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Results

• Almost sure convergence
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Results

• Almost sure convergence 

• Two regimes of convergence: 

• exponential GD rates with large gradients 

• classical SGD rates afterwards
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• With optimal sampling, we can control the variance.
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Results



• We can converge to the local minimum.
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Results



Interlude



Why is this a good idea?

• General regression needs many samples. 

• But linear least squares does not! 

• Consider the projection problem 

       with        

and with i.i.d. samples  . 

• Under appropriate conditions and with  , it can be shown that 

  .

Pn
ut
g := arg min

v∈𝒯ut

∥g − v∥2
n ∥v∥2

n :=
1
n

n

∑
i=1

w(xi)v(xi)2

xi ∼ w−1ρ

n ∈ 𝒪(d ln(d))

𝔼 [∥g − Pn
ut
g∥] ≲ ∥g − Putg∥
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Optimal sampling

• Let   be an ONB of   and define   . 

• If   for   are drawn with respect to the density 

  , 

then   with high probability. 

• If we condition   to the event  , then 

  .

{bk}k=1,…,d 𝒯ut Gn
kl := (bk, bl)n

{xi}i=1,…,n n ∈ 𝒪(d ln(d))

w−1ρ =
1
d

d

∑
k=1

b2
k ρ

∥Gn − I∥2 ≤ 1
2

{xi}i=1,…,n ∥Gn − I∥2 ≤ 1
2

𝔼 [∥g − Pn
ut
g∥] ≲ ∥g − Putg∥
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Algorithm



Setting

• Let   be a Hilbert space. 

• Consider the model class  . 

• Associate a finite-dimensional subspace   to every  . 

• Let   be the  -orthogonal projection onto  .

ℋ

ℳ ⊆ ℋ

𝒯u ⊆ ℋ u ∈ ℳ

Pu ℋ 𝒯u
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Model class



• Consider the optimisation problem 

  . 

• To update, we project   onto  . 

• We replace the inaccessible   by the  -sample estimate   .

minimise
v∈ℳ

ℒ(v)

∇ℒ(u) ∈ ℋ 𝒯u

Pu n Pn
u
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Setting
Optimisation



1. Compute the gradient 

 . 

2. Compute the local linearisation   and empirical projection  . 

3. Perform the linear update 

 . 

4. Map   back to   via the recompression map 

 

gt := ∇ℒ(ut)
𝒯ut Pn

ut

ūt+1 := ut − stPn
ut
gt

ūt+1 ∈ 𝓗 𝓜
ut+1 := ℛut

(ūt+1)
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The Algorithm
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The Algorithm

  may not lie in  ūt+1 𝓜



Assumptions



I write  for any family  .Xt = Xut
{Xu}u∈ℳ
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Assumption 0
Projection properties

• The random iterates   induce the filtration   . 

• For all   it holds that 

•   is independent of   

•   is an unbiased estimator of   

•  .

ut ℱt = σ(ut, ℱt−1)

t > 0

Pn
t ℱt

Pn
t Pt

𝔼 [∥Pn
t g∥2] ≤ V

n ∥g∥2
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Projection properties
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The results hold more generally.



Assumption 1
Boundedness from below

•   is finite.ℒmin,ℳ := inf
v∈ℳ

ℒ(v)
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Assumption 2
 -smoothnessL

• There exists   such that for all   

  .

L > 0 u, g ∈ ℋ

ℒ(u + g) ≤ ℒ(u) + (∇ℒ(u), g)+ L
2 ∥g∥2
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• There exist local quadratic majorisers.



Assumption 3
 -Polyak–Łojasiewicz on  λ ℳ

•   is finite. 

• There exists   such that for all   

  .

ℒmin,ℳ := inf
v∈ℳ

ℒ(v)

λ > 0 u ∈ ℳ

∥Pu ∇ℒ(u)∥2 ≥ 2λ(ℒ(u) − ℒmin,ℳ)
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• There exists a global quadratic majoriser. 

λ ℒ ℳ
ℳ
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• There exists a global quadratic majoriser. 

λ ℒ ℳ
ℳ

Weaker than strong convexity!
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• There exists a global quadratic majoriser. 

• Stronger than  -PŁ: Depends not only on   but also on  . 

• (Probably) sufficient condition: PŁ +   is convex. 
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• There exists a global quadratic majoriser. 

• Stronger than  -PŁ: Depends not only on   but also on  . 

• (Probably) sufficient condition: PŁ +   is convex. 

• Only for simplicity!

λ ℒ ℳ
ℳ



Assumption 4
 -controlled retraction errorC

• There exists a constant   such that for all   and   

  .

C ≥ 0 u ∈ ℳ g ∈ 𝒯u

ℒ(ℛu(u + g)) ≤ ℒ(u + g)+ C
2 ∥g∥2

 39



Assumption 4
 -controlled retraction errorC

• There exists a constant   such that for all   and   

  .

C ≥ 0 u ∈ ℳ g ∈ 𝒯u

ℒ(ℛu(u + g)) ≤ ℒ(u + g)+ C
2 ∥g∥2

 40

• The retraction error is of  higher order than the update! 

ℛu



Assumption 4
 -controlled retraction errorC

• There exists a constant   such that for all   and   

  .

C ≥ 0 u ∈ ℳ g ∈ 𝒯u

ℒ(ℛu(u + g)) ≤ ℒ(u + g)+ C
2 ∥g∥2

 41

• The retraction error is of  higher order than the update! 

• Not easy to guarantee! 

• Compact manifolds with bounded curvature

• Low-rank manifolds with rank-adaptive retraction   ℛu
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• The retraction error is of  higher order than the update! 

• Not easy to guarantee! 

• Compact manifolds with bounded curvature

• Low-rank manifolds with rank-adaptive retraction   

• Only for simplicity?

ℛu



Results



Descent

• Assume   is  -smooth and   has  -controlled error.                         
Define 

       and        . 

• Then 

  .

ℒ L ℛ C

c := L + C
2 σt := st − s2

t c(1+ V − 1
n )

𝔼 [ℒ(ut+1) ∣ ℱt] ≤ ℒ(ut) − σt∥Ptgt∥2 + s2
t

cV
n ∥(I − Pt)gt∥2
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under  -smoothnessL



Convergence under -smoothnessL

• Classical results imply almost sure convergence. 

• But   must depend on  . 

• If the optimum  , then 

  . 

• This requires   to ensure convergence.

st ∥(I − Pt)gt∥

u⋆ ∉ ℳ

∥(I − Pt)gt∥ ≥ c > 0

st
!→ 0
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𝔼 [𝓛(ut+1) ∣ 𝓕t] ≤ 𝓛(ut) − σt∥Ptgt∥2 + s2
t

cV
n ∥(I − Pt)gt∥2



Convergence under -smoothnessL
Best-case setting
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𝔼 [𝓛(ut+1) ∣ 𝓕t] ≤ 𝓛(ut) − σt∥Ptgt∥2 + s2
t

cV
n ∥(I − Pt)gt∥2

• Assume  . 

• Then   can be constant and almost surely 

  .

∥(I − Pt)gt∥ = 0

st

min
t=1,…,τ

∥Ptgt∥2 ∈ 𝒪(τε−1)



Convergence under -smoothnessL
Best-case setting
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𝔼 [𝓛(ut+1) ∣ 𝓕t] ≤ 𝓛(ut) − σt∥Ptgt∥2 + s2
t

cV
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This is (almost) the convergence rate of  deterministic GD.



Convergence under -smoothnessL
Worst-case setting

• Assume   with  . 

• Then   must obey the Robbins—Monro condition   and  . 

• For   with   the convergence rate is 

  .

∥(I − Pt)gt∥ ≥ c > 0 ∥(I − Pt)gt∥ ∈ ℓ∞

st st ∈ ℓ2 st ∉ ℓ1

st ∝ t−ε−1/2 ε ∈ (0, 1
2 )

min
t=1,…,τ

∥Ptgt∥2 ∈ 𝒪(τε−1/2)
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𝔼 [𝓛(ut+1) ∣ 𝓕t] ≤ 𝓛(ut) − σt∥Ptgt∥2 + s2
t

cV
n ∥(I − Pt)gt∥2
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Descent

• Assume   is  -smooth and  -PŁ on   and   has  -controlled error. 
Define 

 ,                   and        . 

• If  , it holds 

 

ℒ L λ ℳ ℛ C

c := L + C
2 σt := st − s2

t c(1+ V − 1
n ) at := 1 − 2λσt

at ∈ (0,1)

𝔼 [ℒ(ut+1) − ℒmin,ℳ | ℱt] ≤ at (ℒ(ut) − ℒmin,ℳ) + s2
t

cV
n ∥(I − Pt)gt∥2.
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under  -PŁ on  λ ℳ



Convergence under -PŁ on λ ℳ

• Classical results imply almost sure convergence. 

• But   must depend on  . 

• If the optimum  , then 

  . 

• This requires   to ensure convergence.

st ∥(I − Pt)gt∥
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∥(I − Pt)gt∥ ≥ c > 0

st
!→ 0
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𝔼 [𝓛(ut+1) − 𝓛min,𝓜 | 𝓕t] ≤ at (𝓛(ut) − 𝓛min,𝓜) + s2
t

cV
n ∥(I − Pt)gt∥2



Convergence under -PŁ on λ ℳ
Best-case setting
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Convergence under -PŁ on λ ℳ
Worst-case setting

• Assume   with   . 
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Summary
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 -smoothnessL

Best-case Worst-case

 -PŁ on  λ 𝓜

 𝒪(τε−1)

 𝒪(a(1−ε)τ)

 𝒪(τε−1/2)

 𝒪(τε−1)

 𝒪(τε−1/2)

 𝒪(τε−1)

*for non-linear model classes

SGD *GD

 𝒪(τ−1)

 𝒪(aτ)


